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Abstract

A theoretical study on a linear hydroelastic vibration of two annular plates coupled with a bounded fluid is presented.
The proposed method, based on the Rayleigh—Ritz method and the finite Hankel transform, is verified through a finite
element analysis by using a commercial computer code, with an excellent accuracy. It is assumed that plates with an
unequal thickness and with an unequal inner radius are clamped along their edges and an inviscid compressible fluid fills
the space between the annular plates and the outer rigid vessel. When the two annular plates are identical, distinct in-
phase and out-of-phase modes are observed. By increasing the difference in the plate thickness, the symmetric in-phase
and out-of-phase modes with respect to the middle plane of the system are gradually shifted to pseudo in-phase and out-
of-phase modes, and eventually they are changed to mixed modes. It is found that the natural frequencies decrease with
an increase of the fluid compressibility, and additional modes due to a fluid concentration are observed when the plates
are coupled with a compressible fluid. The fluid compressibility effect on the natural frequency is dominant in the out-
of-phase modes and the higher modes. Also, the effects of the fluid thickness or the distance between the plates and the
inner radius of the plates on the natural frequencies of the wet modes are investigated.
© 2006 Elsevier Ltd. All rights reserved.

1. Introduction

Annular plates are one of the most common kind of components used in mechanical and structural engineering. In
recent literature, there has been renewed interest in the problem of plates vibrating in contact with water. For example,
multiple circular or annular plates in contact with a coolant have been used in an integral-type nuclear reactor for
irradiation shielding. It was found that the dynamic characteristics of the multiple circular plates were changed because
of the presence of coolant fluid gaps between the plates (Jeong et al., 2001).

Kasahara et al. (1994) calculated the natural frequencies of two circular plates coupled with a fluid and they verified
them by experiment. They suggested an analytical method based on a matrix size reduction by introducing a modal
method for both the structure and the fluid. Amabili et al. (1996) studied the hydroelastic vibration of an annular plate
in contact with an infinite fluid by using the Rayleigh—Ritz method based on the mode expansion of dry mode shapes.
For the case of a fluid domain with finite depth, Amabili (1996) investigated the free vibration of an annular plate in
contact with water on one side by using the Rayleigh—Ritz method, based on the assumed mode approach. Amabili and
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Dalpiaz (1998) developed a theory for vibrations of an annular plate glued to a liquid-filled annular cylindrical tank and
carried out an experiment to verify their theory. Amabili (2000a) also theoretically investigated the free vibration of a
fluid-filled hermetic can composed of a circular cylindrical flexible shell and two circular end-plates by using the
Rayleigh—Ritz method. Cho et al. (2002) studied the modal characteristics of a liquid storage tank baffled with an
annular plate by the coupled structural-acoustic finite element method (FEM). Theoretical and experimental studies on
the natural frequencies of free-edge annular plates resting on a free surface or completely submerged were carried out by
Kwak and Amabili (1999). They considered an unbounded fluid domain and they also introduced nondimensionalized
added virtual mass incremental (NAVMI) factors in order to estimate the fluid effect on the individual natural
frequencies of the fluid—structure system. Liang et al. (1999) theoretically examined annular plates placed on the fluid
domain which is an annular aperture in an infinite rigid wall by applying the Hankel transformation. However, all the
work outlined above, deals with a single annular plate. Jeong (2003) theoretically examined the free vibration of two
identical circular plates coupled with a bounded incompressible fluid by using the Rayleigh—Ritz method. Recently,
Biswal et al. (2004) studied the dynamic response of a liquid-filled cylindrical tank with an annular baffle by using a
finite element formulation, and Kim and Lee (2005) developed an analytical solution for the same problem.

In spite of these many researches on the hydroelastic vibration problem, there has been no attempt to tackle the
problem described in the present paper, and the researchers mentioned above have also ignored the effect of fluid
compressibility on the modal characteristics of annular plates. Especially, in a light water cooled nuclear reactor, it is
known that the coolant density is reduced to about 70% and the coolant bulk modulus is also reduced by about 20%
under normal operational conditions. Such a change in the compressibility and the density of the coolant can cause a
remarkable difference in the dynamic characteristics of a structure submerged therein. This paper is concerned with the
coupling effect of a fluid on the free vibration characteristics of two annular plates with an unequal geometry and
clamped boundary conditions. A compressible and frictionless fluid is assumed to be bounded by the outer rigid vessel
in the radial direction. The inner radius effect of the annular plates on the natural frequencies is also studied. The
natural frequency of each mode under wet conditions is normalized with respect to the natural frequency of the dry
mode to estimate the relative hydrodynamic effect for the case of identical annular plates. Also investigated is the effect
of a fluid gap between the plates on the natural frequency of the wet condition.

2. Theoretical background
2.1. Formulation for two annular plates
Fig. 1 shows two annular plates coupled with a compressible fluid, where R, &, and h, (< R) represent the outer

radius, the thickness of the upper and the lower annular plates, respectively. The inner radius of the upper annular plate
is denoted by «a, and the lower one is referred to as . The fluid is radially bounded by an outer rigid cylindrical vessel

Upper annular plate R

Lower annular plate

Rigid wall

Fig. 1. Two annular plates coupled with a compressible fluid.
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and each annular plate is clamped along its inner and outer edges. For a simple formulation of the theory, the gravity
effect is neglected. The upper annular plate is referred to by the subscript ““1°’, while the lower one by the subscript ““2.”

In the Rayleigh—Ritz method, each individual wet mode shape can be expanded in a series by using a finite number of
admissible functions, W,,,; (m =1,2,..., M) and appropriate unknown coefficients g,, and p,,. Since the dry mode
shapes of an annular plate are selected as admissible functions in the theory, individual wet transverse displacements of
the annular plates for an arbitrary nodal diameter n (» = 0, 1,2, ...), can be written in the form of

M

wi(r, 0,t) = wi(r, 0) exp(iwt) = cos(nl) Z qmWum(r) exp(iowt) for the upper plate, (1a)
m=1
M

wa(r, 0, 1) = wa(r, 0) exp(iowt) = cos(nl) Z P Wum(r) exp(imt)  for the lower plate, (1b)
m=1

where i = /—1, w is the natural frequency of the fluid-coupled annular plates, and ¢ is the time. The dry eigenfunctions
of an annular plate in air are thus expressed as follows:
Wl‘lﬂ’l(r) = Jﬂ()“l’ll}’lr) + AI‘I’?’IYI‘I(}’I’Imr) + Bnmln()vnmr) + C)zanlz()~nmr)7 (2)

where A,,,,, B, and C,,, are the arbitrary modal constants which can be determined by the plate boundary conditions.
J,, and I,, are the Bessel functions and the modified Bessel functions of the first kind, and Y,, and K,, are the Bessel
functions and the modified Bessel functions of the second kind, respectively. Before determining the natural frequencies
of the fluid—structure coupled system, we should consider the clamped geometric boundary condition of the upper
annular plate displacement. The transverse displacement, W,,,, should disappear at r = R and r = a. Therefore,

Jn(j'nma) + AnnlYn()mlna) + Bnmln(/lnma) + Cann(j'nma) = Oﬂ (3)

JVI(AHI’HR) + Aann (AnmR) + BnmIn(;Lnn1R) + Cann()vnmR) = 0 (4)
When we consider another geometric boundary condition with a zero slope along the inner and outer edges of the

upper annular plate, the following equations can be obtained:

J;,(/lnma) + Aan;()bnma) + BnmI;(/lnma) + Can;,(/lnma) =0, (5)

J;,(/lnmR) + Aan;()anR) + BnmI;,(/lnmR) + Cnn1K:1(;LmnR) =0. (6)

From the boundary conditions described by Egs. (3)—(6), the characteristic equation for the dry modes can be
simplified by the following determinant form:

L@ YuGom@)  LiGom@) Kot

3L,GunB) YaGamB) LGaR) Kyl R)

V@) Y@ V@) Ky | = @
VGanB) YoGmB) LGumR) Ko R)

n

The modal constants, A4,,,, B, and C,,, can be derived from the boundary conditions of Eqs. (3)—(6) as listed in
Appendix A. The frequency parameter for the lower annular plate can also be calculated by replacing b instead of « in

Eq. (7).
2.2. Displacement potential for a fluid

The inner space surrounded by two annular plates, the rigid walls and the vessel is filled with an inviscid and
compressible fluid as illustrated in Fig. 1. Each opposite facing side of the annular plates is in contact with the fluid. The
fluid oscillation induced by a vibration of the plates can be described with a velocity potential that satisfies the
Helmholz equation:

ViO(r,0,x,1) = O(r,0,x, 1),/ (8)

where c¢ is the sound speed in the fluid medium and V2 is the Laplacian operator in the polar coordinates r and 6. The
velocity potential function @ can be separated into the displacement potential ¢(r, 6, x) and the harmonic time function.
Thus,

D(x,r,0,1) = iod(r, 0, x) exp (iwi). )
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Eq. (8) can be solved in cylindrical coordinates by using the separation of variables method with respect to r, 0, and x
for an arbitrary nodal diameter n. Because the displacement potential at » = 0 must be finite, the term involving Y,, must
be discarded in order to avoid a singularity of the fluid displacement at » = 0. This leads to the following solution:

¢(r, 0, x) = cos(nb) i Jo(BusE s sinh(ay,x) + Fg cosh(a,x)], (10)

s=1
where E,,; and F,,; are the unknown constants describing the fluid motion, and a coefficient f3,; can be determined by the
fluid boundary condition of Eq. (12). Here, the coefficient f3, is related to coefficient o, by
B = 0y + (@)%, (1

The radial displacement of the fluid must disappear at r = R, because the rigid cylindrical vessel has an impermeable
wall; i.e.,

o¢(r, 0, x)

T 0. (12)

Therefore, the coefficient, 5, can be determined for a fixed » by inserting Eq. (10) into Eq. (12), thus through
T (B R) = 0. (13)

In order to determine the unknown coefficients E,; and F,, in Eq. (10), compatibility conditions at the interfaces of
the upper and the lower annular plates with the fluid should be used. As the transverse displacement of each plate
should be identical to a normal displacement of the fluid, the dual compatibility conditions can be written as

a(l)(rs O,X) _ 0 r<a y
szd/z_ wi(r,0) a<r<R, (14a)
0000 [0 r<b -
B x=—d/2 T | wa(r,0) b<r<R (14b)

Substituting Eqgs. (1a,b), (2) and (10) into Eqgs. (14a,b) and integrating term by term after multiplying by rJ,(f,,,r) in
the interval (0, R) for the finite Hankel transform, we produce

/ Z qrn Z[Jn(inmr) + AVIWIY (/anr) + Bl’l"’llﬂ(j’nl’l’lr) + Cann(inmr)]rJ (ﬂn_)r) dr

m=

= / Zoc,,_vJ,,(ﬁmr)[Em coSh(osx) + Fg sinh(o,5)]rd(B,,7) dr, (15a)
0

s=1
/ me [Jn(inmr) + AVIMYVI(;anr) + Bnmln(inmr) + CnmKn(/lnmr)]rjn(ﬁnsr) dr

= /0 Z s (Bt Ens cosh(otsx) 4 Fpg sinh(oy,sx) 1T, (B,,7) dr. (15b)
s=1

From the orthogonality property of the weighting function, J,(f,,7), one can write

M 00
> 4, Z wns + Aum A2ms + Bun A3 ms + Com Adus]

m=1 =1
00

= ttuH s [Ens cosh(osd /2) + F g sinh(a,d /2)]. (16a)

s=1

me Z nms + Anm/lznms + BnmA3nms + CI’IH’IA471WIS]

m=1

tnqg

s H s [Ens cosh(auysd /2) — F g sinh(oed /2)], (16b)
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where the derived values of Al A2, A3umss Adums and H,g are also listed in Appendix A. Therefore, the
displacement potential of the fluid can now be expressed in terms of the unknown coefficients ¢,, and p,,, instead of the
unknown coefficients E,; and F, in accordance with

M
Zm:l (qm — pm)ﬂnms

£ = et o+ Pl
" 20,5 cosh(a,ed/2)

" 2ot cosh(osd /2)

Fns:

(17a,b)

(AIMIHS + AHWIAZHITIS + BHWIA:;HITIS + CHH‘IA4}1”‘IS)
’/IHITIS = H *

Eventually, the displacement potential of the compressible fluid can be reduced by substituting Egs. (17a,b) into Eq.
(10), yielding

(17¢)

M oo
¢(V, 6: X) = COS(I’Z(‘)) Z Z r’nm,x{qu"S(x) +pmMnS(x)}Jn(ﬁnxr)» (1 8)
m=1 s=1
where
1 sinh(o,5X) cosh(ot,sx) .
Nus() = 5~ {cosh(amd/z) sinh(amd/z)}’ (19a)
1 sinh(o,5X) cosh(o,5x)
M) =5, {cosh(ocmd/2) " sinh (oc,,sd/2)}' (19b)

2.3. Method of a solution

It is useful to introduce the Rayleigh quotient, as already suggested by Zhu (1994) and Amabili (2000b) for a
generalized fluid—structure interaction problem, and also applied to a circular plate submerged in a compressible fluid
by Jeong and Kim (2005). When the gravity effect is neglected, we can obtain a simplified form

2 VP

O ==,
T,+ Ur

(20)

where V), is the strain energy of the plates, and the reference kinetic energy of the plates is denoted by T;. The fluid

energy term U}, includes the kinetic and the potential energies of the compressible fluid and it can be evaluated from a
fluid surface motion:

2n  rR 0 d/?
Ut = %p”/o 1 (MS—Y“) $(r,d /2)cos*(nd)yrdrdo

2n R
+1p, /0 /b (%;d/z))d)(r,fd/2)cos2(n9)rdrd0, 21

where p, is the fluid mass density. Eq. (21) is simplified by an application of Egs. (14a) and (14b) to

R R
Uy = %pok(; (/ wi&(r,d/2)rdr + / woé&(r, —d/2)rdr>, (22)
a b
where
¢(r, 0, x) = cos(nb)e(r, x), (23a)
_ 2n forn=0, »3h
= {n for n>0. (230)

For the numerical calculations for each fixed n value, a sufficiently large finite number of the terms must be
considered in all the previous expansions. To solve Eq. (20) numerically, it is also necessary to provide a matrix
representation. Hence, the column vectors ¢, p and Q of the unknown coefficients are introduced as follows:

g={0 @ @ - qu)T, (24a)
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={P P Py - Pu}l, (24b)

Q:{Z}. (24¢)

Substituting Eqgs. (1a), (1b), (2), (18) and (24a)—(24c) into Eq. (22) gives

Uy = p, 100" GO. (25)
where the 2M x 2 M fluid energy matrix, G is obtained by performing an integration of Eq. (22) term by term. In the
numerical computation, the sum over s must be stopped at an integer value large enough to provide the required
accuracy. Using the orthogonal property of the mode shapes, the reference kinetic energy of the two annular plates is
given by

=pryQ' ZQ, (26)

where p is the mass density of the annular plates, and Z is the 2M x 2M symmetric kinetic energy matrix of the two
annular plates written as

Z 0
1o z| (272)
h
Zjik) = 3Lj5ik, i - Kronecker delta, (27b)
R R
L= / rW2dr, L= / w2 dr. (27¢,d)
a b

The term L; in Eq. (27b) is obtained by carrying out an integration of Eqgs. (27c) and (27d) after inserting Eq. (2) into
Egs. (27¢) dnd (27d):

Lj =[Sy + A28y + B%S3; + C2S4j + 2(A,iSsi + BuiSej + CuiS7j + AniBuiSs;

+ A, CyiSoj + BuiCriS105)], (28)
where the coefficients Sy;, Sy, ..., S1; are listed in Appendix A.

The maximum strain energy of the two annular plates can be computed as a sum of the kinetic energies for each
eigenfunction

2n 2n
Vy,~— / (V2w))? rdrd@—l——/ / (Vwa)?rdrdé, (29)

where D; = Eh / 12(1 — p?) is the flexural rigidity of the annular plates; u and E are Poisson’s ratio and the modulus of
the elastlc1ty of the plates, respectively. Since the value of (Vzwj) is almost identical to (/lm /wz the maximum strain
energy of the plates becomes

V,=1Q HQ, (30)
where H is the 2M x 2M diagonal maximum strain energy matrix of the annular plates given by
H, 0 .
=0 m (31a)
o4
Hjip = ( ;l) D;L;oy. (31b)

The natural frequencies and the wet mode shapes of the two annular plates in contact with fluid can be estimated by
substituting the reference kinetic energy and the maximum strain energy into Eq. (20) and minimizing the Rayleigh
quotient with respect to the unknown coefficients, ¢,, and p,,:

[H - o*(pZ + p,®]Q = {0}. (32)

The determinant of the left-hand side in Eq. (32) must vanish to obtain the nontrivial solution, and then the coupled
natural frequency @ of the wet mode can be calculated. Because the matrix G'is a function of w, Eq. (32) cannot be an
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ordinary eigenvalue problem and the solution of the problem cannot be obtained directly, so an iterative computation is
necessary.

3. Example and discussion
3.1. Theoretical and finite element models

To demonstrate the precision of the present method, an example is solved. The fluid-coupled system is composed of
two annular plates and water. The annular plates are made of aluminum so that the fluid effect can be strong. The
physical properties of the material are as follows: modulus of elasticity = 69.0 GPa, Poisson’s ratio = 0.3 and mass
density = 2700 kg/m>. Water as the fluid is in contact with the plates, with a density of 1000 kg/m* and a bulk modulus
of 2.2 GPa, which is equivalent to a sound speed of 1483 m/s. The viscosity of water is neglected in the theoretical
calculation. The upper annular plate has an inner radius of 40 mm, an outer radius of 200 mm, and a thickness of
2.0mm, while the lower one has an inner radius of 50 mm, an outer radius of 200 mm, and a thickness of 2.5mm. The
distance between the annular plates, d, is 30 mm.

On the basis of the preceding analysis, in order to obtain the natural frequencies of the two annular plates coupled
with water, the determinant of the left-hand side in Eq. (32) is calculated by using a commercial software, MathCAD.
The characteristic equation derived in the preceding sections involves an infinite and a finite series of algebraic terms. To
check the convergence and accuracy of the method, the expansion terms s and m are increased. The expansion term s is
set at 300 and the expansion term m for the admissible function is set at 40, which provides a convergent solution in the
range of the considered modes. Although Eq. (32) is not an ordinary eigenvalue problem, the calculations can be
performed by using an iteration process. The initial frequencies are obtained from the incompressible fluid case which
leads to an ordinary eigenvalue problem, and the expected frequency zone was swept to search for the coupled natural
frequencies that satisfy Eq. (32) for the compressible fluid case.

Additionally, to check the validity of the theory, a finite element analysis is also carried out for the fluid-coupled
system by using a commercial computer code, ANSYS. The finite element model is constructed with the same plate
geometry, boundary conditions and material properties used in the theoretical calculation. For the FEM analysis, a
two-dimensional axisymmetric model is constructed with harmonic fluid elements (FLUIDS81) and harmonic shell
elements (SHELL61). The fluid element ‘FLUIDS81” with four nodes has three degrees of freedom at each node and it is
particularly well suited for calculating hydrostatic pressures and fluid—structure interactions. The shell element
‘SHELLG61” with two nodes has four degrees of freedom. The fluid domain is divided into a number of identical fluid
elements, while the upper and the lower plates are also divided into shell elements. The nodes of the fluid elements at
r =0 are constrained in the radial direction only. Additionally, the fluid movement at r = R, namely along the rigid

Fluid
(80 X 12 =960 elements)
R =200 mm /
le— @ = 50 mm —={ Upper annular plate
Fixed B. C. (60 elements) Fixed B. C.
\ A\
\ \ 7
]| )]
/ //
/ /
I\ I\l
\I \l 30 mm
/ /
/ //
/ [
{l [l
I\ \\
\\ AT
I — Fixed B. C. Lower annular plate Fixed B. C.

i = 40 mm (64 elements)
Centerline of plates

Fig. 2. Finite element model for two annular plates coupled with a fluid.
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cylindrical wall, is restricted to the radial direction only, because the vertical velocity of the fluid element nodes adjacent
to each surface of the wetted annular plates coincides with that of the plates, so that the finite element model can
simulate Eqs. (14a) and (14b). Each annular plate is divided into 60 two-dimensional axisymmetric shell elements of the
same size, and the fluid region of the finite element model consists of 960 (12 x 80) identical fluid elements as illustrated
in Fig. 2. All the displacements and rotations are restricted along each plate edge in order to create a clamped boundary
condition in the finite element model. In the finite element analysis, the Block Lanczos method is used to extract 50
modal frequencies and the corresponding mode shapes between 20 and 12 000 Hz.

3.2. Theoretical and finite element analysis results

The natural frequencies of the annular plates coupled with water are listed in Table 1 in the range of 0 <n<4 and
1 <m’ <6, where m’ indicates the number of nodal circles. It is found that the theoretical natural frequencies are in
excellent agreement with the finite element results, to within a 0.2% error range when the compressibility of water is
taken into account. The mode shapes can be classified into two transverse vibration mode categories according to the
relative motion directions between the two annular plates while vibrating; that is, the in-phase and out-of-phase modes,
as shown in Fig. 3. However, strictly speaking, these two mode categories cannot become perfect in-phase and out-of-
phase modes because the geometries of the two annular plates are not identical. The higher modes can develop into

Table 1

Comparison of the FEM and theoretical natural frequencies for two annular plates coupled with bounded water

Mode Natural frequency (Hz) Discrepancy® (%) Mode shape

n m' FEM Theory

Incompressible Compressible

0 0 — — — — —
1 269.9 269.9 270.0 0.04 In-phase
2 336.5 336.9 336.9 —0.14 Out-of-phase
3 773.6 774.0 773.6 0.00 In-phase
4 999.7 1004.0 998.1 0.16 Out-of-phase
5 1587.4 1589.6 1586.7 0.04 In-phase

1 0 55.3 55.3 55.3 0.00 Out-of-phase
1 285.1 285.1 285.1 0.00 In-phase
2 384.2 384.6 383.9 0.08 Out-of-phase
3 801.2 801.4 801.1 0.01 In-phase
4 1067.8 1071.0 1066.0 0.17 Out-of-phase
5 1626.8 1628.4 1625.9 0.06 In-phase

2 0 104.0 104.1 104.0 0.00 Out-of-phase
1 330.3 330.4 330.4 —0.03 In-phase
2 465.7 466.2 465.3 0.09 Out-of-phase
3 873.5 873.8 873.5 0.00 In-phase
4 1178.2 1181.4 1176.3 0.16 Out-of-phase
5 1722.9 1724.9 1722.3 0.03 In-phase

3 0 173.3 173.4 173.3 0.00 Out-of-phase
1 420.6 420.7 420.7 —0.02 In-phase
2 587.7 588.4 587.4 0.05 Out-of-phase
3 1003.8 1004.6 1004.0 0.02 In-phase
4 1335.5 1339.1 1333.6 0.14 Out-of-phase
5 1888.4 1891.5 1888.1 0.02 In-phase

4 0 271.2 271.4 271.2 0.00 Out-of-phase
1 555.9 556.3 556.1 —0.04 In-phase
2 755.0 756.2 754.7 0.04 Out-of-phase
3 1201.4 1202.9 1201.8 —0.03 In-phase
4 1544.3 1548.5 1542.5 0.12 Out-of-phase
5 2136.7 2141.8 2136.9 —0.01 In-phase

Compressible: ¢ = 1483 m/s; incompressible: ¢ — oo.
“Discrepancy = (FEM—compressible) x 100/FEM.
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0.1)4\'\\—'//011 N 02
(a) First mode (n =0, m’ =0) (b) Second mode (n =0, m’ =1)
| PR
. A W N A
0.4 \/ 0.4~ ~—~ 0.1\/\—// 0.2
(-C Thirdmode (n =0, m’ = 1) (d) Fourth mode (n = 0, m’ = 2)
XY ()\{\S/ 0.04 02

(e) Fifth mode (n=0,m’ = 1) 6] Sixth mode (n = 0, m’ = 2)

(g) First mode (n=1,m’ = 0) (h) Second mode (n =1, m’ = 0)

@  Fifthmode (n=1,m’ =2) @  Sixthmode (2= 1,m’ =2)

Fig. 3. Mode shapes for the two annular plates coupled with a fluid: —— — —— , upper plate; , lower plate. (a) First mode (n = 0,
m’ = 0), (b) second mode (n =0, m' = 1), (c) third mode (n =0, m’ = 1), (d) fourth mode (n =0, m’' = 2), (e) fifth mode (n =0,
m' = 1), (f) sixth mode (n =0, m' =2).

mixed modes which cannot be categorized as in-phase or out-of-phase modes. As shown in Fig. 3, the difference in the
plate maximum deflection between the two plates is not dominant in the in-phase modes, because the movement of one
plate contributes to that of the other plate owing to transverse movement of the fluid. On the contrary, the difference in
the plate deflection for the out-of-phase modes is greater than that of the in-phase modes, because the deflection of one
of the annular plates tends to hinder the deflection of the other plate through the fluid. Therefore, the maximum
deflection of the more flexible plate is greater than that of the stiffer one. Fig. 4 shows typical displacement vector plots
when identical annular plates with d = 50 mm are coupled with water for » = 0. The first mode corresponds to the in-
phase mode where the major fluid displacement vectors tend to move in the transverse direction, while the second mode
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Fig. 4. Displacement vector plots of typical mode shapes with n =0, a = b = d = 50mm and ¢ = 1483 m/s. First mode (m’ = 0, in-
phase mode), 2nd mode (m’ = 0, out-of-phase mode), 11th mode (m’ = 5, out-of-phase mode), 12th mode (m’ = 5, out-of-phase mode).

corresponds to the out-of-phase mode where the major vectors of the fluid displacement tend to move in the lateral
direction. The difference in the fluid movement vectors creates a change in the natural frequency. Furthermore, the fluid
movement is localized into several regions according to an increase in the number of nodal circles or nodal diameters,
and the characteristics of the fluid flow direction become indistinct. The natural frequency difference between the in-
phase and out-of-phase modes is gradually reduced as the number of nodal circles or nodal diameters is increased. The
normalized natural frequency, defined as the natural frequency of the structure in contact with fluid divided by the
corresponding natural frequency in air, increases with an increase of the number of nodal circles or nodal diameters.

The 11th and 12th modes show out-of-phase modes with five nodal circles as illustrated in Fig. 4. The fluid
displacement is predominant near the surfaces of the two plates in both modes. Although the 11th and 12th modes have
the same number of nodal circles, the fluid displacement patterns are different and the nodal circle points do not
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coincide. In the 12th mode, a fluid surge appears near the inner edge, induced by fluid compressibility. It is observed
that the fluid surge (or concentration) at a fluid region far from the structure due to compressibility appears more
frequently in the higher out-of-phase modes. The various abnormal mode shapes with fluid surge are similar to the 12th
mode of Fig. 4, in accordance with the increase in fluid compressibility.

3.3. Effects of the distance between the annular plates

Figs. 5-8 illustrate the effects of the distance between the two annular plates on the fluid-coupled natural frequencies,
when the geometry and the material property of the two plates are identical to each other. It is well known that the
natural frequency of the plate in contact with fluid is always less than that of the corresponding dry mode, due to the
contribution of a hydrodynamic mass [e.g., Paidoussis, 2004]. Hence, the normalized natural frequency always lies
between unity and zero. As shown in Figs. 5 and 7, the normalized natural frequency of the out-of-phase modes
gradually increases with an increase of the number of nodal diameters (n) or nodal circles (1) by virtue of a localization
(or division) of the fluid flow. The normalized natural frequencies increase and eventually converge to specific values,
which are equivalent to the case of infinite distance between the plates. For a fixed distance ratio (d/R), the normalized
natural frequency decreases as the number of nodal circles decreases. Convergence occurs at a smaller distance ratio
(d/R) as the number of nodal circles increases. On the contrary, the normalized natural frequencies decrease and also
converge to specific values, which are equivalent to the case of infinite distance between the plates with an increase in
d/R for the in-phase modes as illustrated in Figs. 6 and 8. A small fluid thickness reduces the natural frequencies
drastically for the out-of-phase modes, while the normalized natural frequencies increase sharply with a decrease of d/R
for the in-phase modes. Similarly, the normalized natural frequencies increase with an increase of the number of nodal
circles (n) for the fixed m’ due to the fluid flow localization or division regardless of the modal category (in-phase modes
and out-of-phase modes). As d/R increases, the normalized natural frequencies of the corresponding in-phase and out-
of-phase modes will approach and merge with each other in the infinite fluid case.

3.4. Effects of the inner radius

The inner radius effects on the normalized natural frequencies for n =0 and 1 are shown in Figs. 9 and 10,
respectively, where the two plates coupled with water have the same geometry and the same material properties, so
a = b and d = 30 mm. The inner radius effect on the normalized natural frequencies is not negligible except for m’ = 0
as illustrated in Figs. 9 and 10. This fact can be explained as follows: generally, the normalized frequency of a bluff body
can be expressed as

w 1
o =153 00 (33)

where o, is the natural frequency of the dry mode; M, and M are the hydrodynamic mass (or added mass) and the
structural mass, respectively. When the inner radius of the two plates increases and the outer diameter is fixed, the mass
of the plates will be reduced by a square of the plate radius, and concurrently, the fluid-contacting area will also
decrease at the same rate. Therefore, M,/M is approximately constant, regardless of the inner radius. The normalized
natural frequency (w/w,) will not change according to the inner radius, since the vibration mode with m’ = 0 is very
close to the vibration mode of a bluff body. When the number of the nodal circles (n') increases, M,/ M decreases by
the localization of the fluid flow, and finally the normalized natural frequencies increase by increasing the inner radius,
regardless of modal category, when the outer radius of the two plates is fixed.

3.5. Effects of the compressibility

A further comparison is made for an investigation of fluid compressibility effects on the coupled natural frequencies.
Figs. 11 and 12 show the natural frequencies of the in-phase and the out-of-phase modes obtained, respectively, by the
ANSYS analysis for n = 0. Since several modes with the same number of nodal circles can appear as in Fig. 4, when the
fluid compressibility increases, the radial modes are arranged in order of the serial mode instead of m’ in Figs. 11 and
12. When the sound speed changes from ¢ = 1483 to 148.3 m/s, the natural frequencies of the in-phase mode decreases
as shown Fig. 11. Especially, the natural frequency drop of the higher radial modes is greater than that of the lower
radial modes. The frequency drop of the in-phase modes for ¢>500m/s is negligible between the first mode and the
fourth mode. The frequency drop of the out-of-phase modes is remarkable for the higher radial modes when compared
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Fig. 5. Normalized natural frequency of the two identical annular plates coupled with water for the out-of-phase mode with n = 1:
-l =0;,-@—m' =1,-A-,m =2, -V m' =3, -®—,m' =4, -4, m =5.
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Fig. 6. Normalized natural frequency of the two identical annular plates coupled with water for the in-phase mode with n = 1: —[J—,
m=0;-O—m'=1,-LA—m =2, V-m =3, -O—m =4, -<—, m' =5.
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Fig. 7. Normalized natural frequency of the two identical annular plates coupled with water for the out-of-phase mode with n = 2.
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Fig. 8. Normalized natural frequency of the two identical annular plates coupled with water for the in-phase mode with n = 2. Key as

in Fig. 6.
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Fig. 9. Inner radius effect on the normalized natural frequency of the two identical annular plates coupled with water for » = 1 and
d = 30mm: -0, in-phase mode, a = 10mm; —O—, @ = 50 mm; -A—, a = 100 mm; —V—, ¢ = 150 mm: — —l— —, out-of-phase mode,
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Fig. 10. Inner radius effect on the normalized natural frequency of the two identical annular plates coupled with water for n = 2 and
d = 30mm. Key as in Fig. 9.
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Fig. 11. Compressibility effect on the natural frequency of the two identical annular plates coupled with a compressible fluid for the in-
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Fig. 12. Compressibility effect on the normalized natural frequency of the two identical annular plates coupled with a compressible
fluid for the out-of-phase modes. Key as in Fig. 11.
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with that of the in-phase modes, as illustrated in Fig. 12. That is to say, the fluid compressibility affects the out-of-phase
modes rather than the in-phase modes and it also affects the higher radial modes. Several abnormal mode shapes which
deviated from the dry mode shape are observed in the higher out-of-phase modes for the compressible fluid.

4. Conclusions

An analytical method to estimate the natural frequencies of two unequal annular plates coupled with a compressible
fluid is developed using the Rayleigh—Ritz method and the finite Hankel transform. It is observed that the two sets of
modes, the so-called out-of-phase and in-phase modes, are obtained alternately in the fluid-coupled system and these
modes gradually can shift to mixed modes according to the geometric differences between the two annular plates. It is
verified that this theoretical approach can predict the coupled natural frequencies excellently. It is also found that the
normalized natural frequency of the out-of-phase modes increases and converges to a specific value as the distance ratio
(d/R) decreases, regardless of the number of nodal circles (17'), while those of the in-phase modes decrease, owing to the
localization (or division) of the fluid flow. It is also observed that the inner radius does not affect the normalized natural
frequencies for m’ = 0 in the case of a fixed nodal diameter, and the fluid compressibility affects the out-of-phase modes
and the higher modes rather than the in-phase modes and the lower modes.

Appendix A

A.1. Coefficients for the mode shapes
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A.2. Coefficients for the integration
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